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ON WORD HYPERBOLICITY AND VIRTUAL FREENESS OF
AUTOMORPHISM GROUPS
OLGA VARGHESE
Abstract. We show that word hyperbolicity of automorphism groups of graph products
GΓ and of Coxeter groups WΓ depends strongly on the shape of the defining graph Γ.
We also characterized those Aut(GΓ) and Aut(WΓ) in terms of Γ that are virtually free.
1. Introduction
In this article we study automorphism groups of graph products and Coxeter groups
focusing on two powerful properties: (i) word hyperbolicity in the sense of Gromov [10]
and (ii) virtual freeness.
Given a finite simplicial graph Γ = (V,E) and for each vertex v ∈ V a non-trivial group
Gv, the graph product GΓ is the free product of the vertex groups with added relations
that imply elements of adjacent vertex groups commute. These groups were introduced
by Baudisch in [1] for infinite cyclic vertex groups and later by Green in [11] for arbitrary
vertex groups. Word hyperbolic graph products of finite groups were characterized by
Meier in [20]. He showed, that GΓ is word hyperbolic iff Γ contains no induced cycle of
length four. In this paper we study word hyperbolicity in the setting of automorphism
groups of graph products of finite groups. First results in this direction were obtained for
automorphism groups of graph products of primary cyclic groups by Gutierrez, Piggott
and Ruane [12, 4.14]. Our theorem extends their result.
Theorem A. Let GΓ be a graph product of finite groups. For Aut(GΓ) the following
statements are equivalent
(i) The group Aut(GΓ) is word hyperbolic.
(ii) The group Aut(GΓ) has no subgroup isomorphic to Z× Z.
(iii) The graph Γ has no induced cycle of length four and does not contain any separating
intersection of links SIL1.
Another interesting property of groups is virtual freeness. A group is called virtually
free if it contains a free subgroup of finite index. Note that finite groups are virtually
free. It is known that every finitely generated virtually free group is word hyperbolic.
Virtually free graph products of finite groups were characterized in terms of Γ by Lohrey
and Senizergues in [19]. They proved that a graph product of finite groups GΓ is virtually
free iff Γ is chordal (i. e. Γ contains no induced cycles of length ≥ 4). We investigate how
to characterize virtual freeness of automorphism groups of graph products of finite groups
and we obtain
Proposition B. Let GΓ be a graph product of finite groups. For Aut(GΓ) the following
statements are equivalent
(i) The group Aut(GΓ) is virtually free.
(ii) The graph Γ is chordal and does not contain a SIL.
We are also interested in fixed point properties. Recall that a group G has Serre’s fixed
point property FA if every action of G on a simplicial tree without inversions of edges has
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a global fixed point. It was proven by Dicks and Dunwoody in [7, IV 1.9] that a finitely
generated group G is virtually free if and only if G acts on a tree without inversions of
edges and such that all vertex stabilizers are finite. Using this result and Proposition B
we obtain
Corollary C. Let G be a finitely generated group. If G is infinite and virtually free, then
G does not have property FA.
In partiular: Let GΓ be a graph product of finite groups. If Γ is not complete, chordal
and contains no SIL, then Aut(GΓ) does not have Serre’s fixed point property FA.
Let us remark, that it was proven in [28, Cor. B] that for n ≥ 4 the group Aut(Z∗n2 ) has
property FA. This result was generalized in [18, Thm. 1.1] for groups Aut(Zk ∗ . . . ∗Zk).
Another important class of groups which are also defined via simplicial graphs is the
class of Coxeter groups. Given a finite simplicial graph Γ = (V,E) with an edge-labeling
ϕ : E → N≥2. The corresponding Coxeter group is defined as follows WΓ = 〈V |
v2, (vw)ϕ({v,w}), v ∈ V, {v,w} ∈ E〉. Word hyperbolic Coxeter groups were characterized
in terms of Γ by Moussong in [22, 17.1]. Our focus here is a study of word hyperbolicity
for automorphism groups of Coxeter groups. We obtain the following results.
Theorem D. Let WΓ be a Coxeter group.
(i) If WΓ is not word hyperbolic, then Aut(WΓ) is not word hyperbolic.
(ii) If Γ has more than two connected components, then Aut(WΓ) is not word hyper-
bolic.
(iii) If Γ has two connected components Γ1 and Γ2, then Aut(WΓ) is word hyperbolic if
and only if the parabolic subgroups WΓ1 and WΓ2 are finite.
(iv) If WΓ is word hyperbolic and Out(WΓ) is finite, then Aut(GΓ) is word hyperbolic.
Virtually free Coxeter groups were described by Mihalik and Tschantz in [21, Thm. 34].
They showed, that WΓ is virtually free iff Γ is chordal and for every complete subgraph
Γ′ ⊆ Γ the parabolic subgroup WΓ′ is finite. We want to answer the following question:
For which shape of the graph Γ is the automorphism group Aut(WΓ) virtually free? We
obtain the following partial result.
Proposition E. Let WΓ be a Coxeter group. For Aut(WΓ) the following statements are
equivalent
(i) The group Aut(WΓ) is virtually free
(ii) The group Out(WΓ) is finite, the graph Γ is chordal and for every complete subgraph
Γ′ ⊆ Γ the parabolic subgroup WΓ′ is finite.
2. Preliminaries
2.1. Word hyperbolic groups. In this subsection we define word hyperbolic groups and
collect some important properties of these groups which we will need to prove our main
theorems. A detailed description of word hyperbolic groups can be found in [3] and [10].
We begin with a definition of a δ-hyperbolic space.
Definition 2.1. Let δ ≥ 0. A geodesic triangle in a metric space is said to be δ-slim if
each of its sides is contained in the δ-neighbourhood of the union of the other two sides.
A geodesic space X is said to be δ-hyperbolic if every triangle in X is δ-slim. If X is
δ-hyperbolic for some δ ≥ 0, we say that X is word hyperbolic.
A crucial property is that word hyperbolicity is stable under quasi-isometries [3, III
H.1.9]. Hence the following definition does not depend on the choice of a generating set.
Definition 2.2. A finitely generated group is called word hyperbolic (often abbreviated to
hyperbolic) if its Cayley graph is δ-hyperbolic metric space for some δ ≥ 0.
3Classical examples of word hyperbolic groups are finite groups and free groups. The
standard example of a not word hyperbolic group is the direct product Z×Z of two infinite
cyclic groups.
In order to prove that a given group G is not word hyperbolic, it is enough to show that
G has a subgroup isomorphic to Z× Z.
Lemma 2.3. ([3, III Γ.3.10]) Let G be a group. If G is word hyperbolic, then G does not
contain a subgroup isomorphic to Z× Z.
In some classes of groups this is the only obstruction. The next results follow from the
fact that every subgroup H ⊆ G of finite index is quasi-isometric to G and two groups
which differ by finite groups are also quasi-isometric [5, p. 138].
Lemma 2.4. Let G be a finitely generated group, let H be a subgroup of finite index and
N be a finite normal subgroup.
(i) The group H is word hyperbolic if and only if G is word hyperbolic.
(ii) The group G/N is word hyperbolic if and only if G is word hyperbolic.
Let G be a group. We denote by Z(G) the center of G, by Inn(G) the subgroup of
Aut(G) consisting of inner automorphisms and by Out(G) := Aut(G)/Inn(G)) the outer
automorphism group of G.
The next result follows immediately from Lemma 2.4.
Corollary 2.5. Let G be a word hyperbolic group. If Z(G) and Out(G) are finite, then
Aut(G) is word hyperbolic.
Proof. By assumption the group G is word hyperbolic and Z(G) is finite. Hence the
word hyperbolicity of G/Z(G) ∼= Inn(G) follows from Lemma 2.4(ii). The group Inn(G)
has finite index in Aut(G), therefore it follows from Lemma 2.4(i) that Aut(G) is word
hyperbolic. 
2.2. Virtually free groups. In this subsection we introduce virtually free groups and
we collect some facts about these groups which we will need to prove our results.
Definition 2.6. A group G is called virtually free if it contains a free subgroup of finite
index.
It is obvious that finite groups and free groups are virtually free. The following result
is a direct consequence of Lemma 2.4(i).
Corollary 2.7. Let G be a finitely generated group. If G is virtually free, then G is word
hyperbolic.
We will also use the following property of virtually free groups which follows from [7,
IV 1.9].
Lemma 2.8. Let G be a finitely generated virtually free group and H ⊆ G be a subgroup.
If H is finitely generated, then H is also virtually free.
Being virtually free is stable under quasi-isometries. Thus we obtain the following
Lemma 2.9. Let G be a finitely generated group and N be a finite normal subgroup. The
group G/N is virtually free if and only if G is virtually free.
We end this section with the following result which is crucial for our proofs of Theorem
B and Proposition E.
Proposition 2.10. ([24, 3.1]) Let G be a finitely generated and virtually free group. Then
Aut(G) is virtually free if and only if Out(G) is finite.
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3. Graph products of groups
In this section we briefly present the main definitions and properties concerning graph
products of groups. These groups are defined by presentations of a special form. A
simplicial graph Γ = (V,E) consists of a set V of vertices and a set E of two element
subsets of V which are called edges. If Γ′ = (V ′, E′) is a subgraph of Γ and E′ contains
all the edges {v,w} ∈ E with v,w ∈ V ′, then Γ′ is called an induced subgraph of Γ. For
V ′ ⊆ V we denote by 〈V ′〉 the smallest induced subgraph of Γ with (V ′, ∅) ⊆ 〈V ′〉. This
subgraph is called a graph generated by V ′. For a vertex v ∈ V we define its link as lk(v) =
{w ∈ V | {v,w} ∈ E} and its star as st(v) = {v} ∪ lk(v). A path of length n is a graph
Pn = (V,E) of the form V = {v0, . . . , vn} and E = {{v0, v1} , {v1, v2} , . . . , {vn−1, vn}}
where the vi, 0 ≤ i ≤ n, are pairwise distinct. If Pn = (V,E) is a path of length n ≥ 3,
then the graph Cn+1 := (V,E ∪ {{vn, v0}}) is called a cycle of length n+ 1. The distance
between two vertices u, v ∈ V , denoted by d(u, v), is the length of a shortest path from u
to v. A graph Γ = (V,E) is called connected if any two vertices v,w ∈ V are contained in
a subgraph Γ′ of Γ such that Γ′ is a path. A maximal connected subgraph of Γ is called a
connected component of Γ. A graph Γ is called chordal if Γ contains no induced cycles of
length ≥ 4.
The following definition is crucial for our results.
Definition 3.1. A graph Γ = (V,E) has a separating intersection of links (abbreviated
SIL) if there exist two vertices v,w ∈ V with d(v,w) ≥ 2 and there is a connected compo-
nent of 〈V − (lk(v) ∩ lk(w))〉 which contains neither v nor w.
A graph with no SILs is either connected or it is the disjoint union of two complete
graphs, see [4, 3.3]. Further, if Γ is a tree, then Γ contains no SIL if and only if the valence
of every vertex is less than 3.
Definition 3.2. Let Γ = (V,E) be a finite simplicial graph and {Gv | v ∈ V } be a set of
non-trivial groups. The graph product GΓ is defined as the quotient
(∗v∈VGv)/〈〈gh = hg | g ∈ Gv , h ∈ Gw, {v,w} ∈ E〉〉.
Let us consider some examples. If Γ is a discrete graph, then GΓ is a free product of
Gv, v ∈ V and if Γ is a complete graph, then GΓ is a direct product of Gv , v ∈ V . Further,
if all Gv are infinite cyclic, then GΓ is called a right angled Artin group and if all Gv have
order two, then GΓ is known as a right angled Coxeter group.
If Γ is not complete, then GΓ is always infinite. This follows from the following result.
Lemma 3.3. ([11]) Let GΓ be a graph product and Γ
′ ⊆ Γ a subgraph. If Γ′ is an induced
subgraph, then GΓ′ is a subgroup of GΓ and is called a parabolic subgroup.
In order to prove that many automorphism groups of graph products have subgroups
isomorphic to Z× Z we need a precise definition of some elements of Aut(GΓ).
Definition 3.4. Let GΓ be a graph product, v ∈ V , x ∈ Gv and C = (V
′, E′) be a
connected component of a subgraph generated by V − st(v). The partial conjugation pix,C
in an automorphism of GΓ induced by:
h 7→
{
xhx−1 h ∈ Gw, w ∈ V
′
h h ∈ Gw, w /∈ V
′.
Now we are able to prove
Lemma 3.5. Let GΓ be a graph product. If Γ contains a SIL, then Aut(GΓ) has a subgroup
isomorphic to Z× Z.
Proof. If Γ contains a SIL, then there exist vertices v,w ∈ V with d(v,w) ≥ 2 and a
connected component C of 〈V − lk(v)∩ lk(w)〉 which contains neither v nor w. Let x ∈ Gv
and y ∈ Gw be non-trivial elements and f denote the inner automorphism g 7→ xygy
−1x−1.
It is obvious that the order of f in infinite. Further the automorphism pix,C ◦piy,C also has
infinite order and 〈f, pix,C ◦ piy,C〉 ∼= Z× Z. 
5Proposition 3.6. Let GΓ be a graph product.
(i) If Γ = (V, ∅) and #V ≥ 3, then Aut(GΓ) is not word hyperbolic.
(ii) If Γ = ({v,w} , ∅) and the vertex groups Gv and Gw have finite center, then
Aut(GΓ) is word hyperbolic if and only if Gv and Gw are finite.
Proof. The first statement of the proposition follows from Lemma 3.5 and Lemma 2.3.
Let Γ = ({v,w} , ∅) and let Z(Gv) and Z(Gw) be finite. If Gv and Gw are finite, then
it was proven in [16] that Aut(Gv ∗Gw) is an amalgamated product of finite groups. The
class of word hyperbolic groups is closed under free products with amalgamation along
finite subgroups [17, Cor. 3]. Hence Aut(Gv ∗Gw) is word hyperbolic.
Suppose that Gv is not finite. If Gv is infinite torsion, then the group Aut(Gv ∗Gw) has
an infinite torsion subgroup. More precisely, Gv ∗ Gw ∼= Inn(Gv ∗ Gw) ⊆ Aut(Gv ∗ Gw).
It was proven by Gromov that torsion subgroups of word hyperbolic groups are finite, see
[9, Chap.8 Cor.36]. Thus Aut(Gv ∗Gw) is not word hyperbolic.
Otherwise there exists an element of infinite order in Gv. Let x ∈ Gv be an element
with infinite order and let f denote the inner automorphism g 7→ xgx−1. Notice that
f 6= pix,〈{w}〉 since Z(Gv) is finite. Then 〈f, pix,〈{w}〉〉 ∼= Z × Z. It follows again from
Lemma 2.3 that Aut(GΓ) is not word hyperbolic. 
In this paper our focus is on graph products of finite groups, that is, graph products
for which all of the vertex groups Gv are finite. Word hyperbolic graph products of finite
groups were characterized by Meier in [20].
Theorem 3.7. ([20]) Let GΓ be a graph product of finite groups. For GΓ the following
statements are equivalent
(i) The group GΓ is word hyperbolic.
(ii) The group GΓ has no subgroup isomorphic to Z× Z.
(iii) The graph Γ does not contain an induced cycle of length four.
Virtually free graph products of finite groups were described by Lohrey and Senizergues
in [19, Thm. 1.1].
Theorem 3.8. ([19, Thm. 1.1]) Let GΓ be a graph product of finite groups. For GΓ the
following statements are equivalent
(i) The group GΓ is virtually free.
(ii) The graph Γ is chordal.
The last result which we will need to prove Theorem A and Proposition B is the fol-
lowing:
Proposition 3.9. ([8, 3.20]) Let GΓ be a graph product of finite groups. Then Out(GΓ)
is finite if and only if Γ contains no SIL.
4. Proof of Theorem A
Now we have all the ingredients to prove Theorem A.
Proof. Let GΓ be a graph product of finite groups. It is straightforward to verify that the
center of GΓ is contained in a parabolic subgroup G〈V ′〉 where
V ′ = {v ∈ V | d(v,w) ≤ 1 for each w ∈ V } .
The induced subgraph 〈V ′〉 is complete. Thus G〈V ′〉 is finite and therefore Z(GΓ) is also
finite.
Assume that Aut(GΓ) is word hyperbolic. Then by Lemma 2.3 Aut(GΓ) has no subgroup
isomorphic to Z× Z.
Suppose that Aut(GΓ) has no subgroup isomorphic to Z × Z. We have Inn(GΓ) ∼=
GΓ/Z(GΓ). Since Z(GΓ) is finite, GΓ has also no subgroup isomorphic to Z × Z. By
Theorem 3.7 follows that Γ has no induced cycle of length 4. Let us assume that Γ has a
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SIL, then by Lemma 3.5 the group Aut(GΓ) has a subgroup isomorphic to Z× Z. Hence
Aut(GΓ) is not hyperbolic. This contradicts (ii). Therefore Γ contains no SIL.
Assume now that Γ has no induced cycle of length four and Γ does not contain a SIL.
By Proposition 3.9 the outer automorphism group of GΓ, Out(GΓ) is finite. Further, the
center of GΓ is finite and by Theorem 3.7 the group GΓ is word hyperbolic. The word
hyperbolicity of Aut(GΓ) follows from Corollary 2.5. 
5. Coxeter groups
An another important class of groups is a class consisting of Coxeter groups.
Definition 5.1. Let Γ = (V,E) be a finite simplicial graph with an edge-labeling ϕ : E →
N≥2. The Coxeter group WΓ is defined as follows:
WΓ = 〈V | v
2, (vw)ϕ({v,w}), v ∈ V, {v,w} ∈ E〉.
For example, the symmetric group Sym(n) and the infinite dihedral group D∞ are
Coxeter groups. We collect some of the facts about Coxeter groups that we need. For
more information about these groups we refer to [6] and [15].
Lemma 5.2. ([6, 4.1.6]) Let WΓ be a Coxeter group and Γ
′ ⊆ Γ be a subgraph. If Γ′ is
an induced subgraph, then WΓ′ is a subgroup of WΓ and is called a parabolic subgroup.
Lemma 5.3. ([13, 1.1]) Let WΓ be a Coxeter group. Then Z(WΓ) is finite.
Word hyperbolic Coxeter groups were characterized by Moussong in his thesis [22, 17.1].
He proved
Theorem 5.4. Let WΓ be a Coxeter group. Then the following are equivalent:
(i) The group WΓ is word hyperbolic.
(ii) The group WΓ has no subgroup isomorphic to Z× Z.
(iii) There is no parabolic subgroup WΓ′ such that WΓ′ is an Euclidean Coxeter group
of rank ≥ 3 and there is no pair of disjoint induced subgraphs Γ1 and Γ2 such that
the parabolic subgroups WΓ1 and WΓ2 commute and are infinite.
Coxeter groups are fundamental, well understood objects of group theory, but there are
many open questions concerning their automorphism groups. In general, it is not known
if the automorphism group of an arbitrary Coxeter group is finitely presented. We are
interested in the word hyperbolicity of the automorphism groups of Coxeter groups.
First of all, we want to show that the hyperbolicity of the Coxeter group is a necessary
condition for the hyperbolicity of the automorsphism group.
Proposition 5.5. LetWΓ be a Coxeter group. IfWΓ is not word hyperbolic, then Aut(WΓ)
is not word hyperbolic.
Proof. Let WΓ be a not word hyperbolic Coxeter group. By Theorem 5.4 there exists
a subgroup H ⊆ WΓ such that H ∼= Z × Z. Let us consider the canonical projection
pi : W → WΓ/Z(WΓ). By Lemma 5.3 the center Z(WΓ) is finite, therefore the restriction
pi|H is injective and thus Z × Z ∼= pi(H) ⊆ WΓ/Z(WΓ) ∼= Inn(WΓ) ⊆ Aut(WΓ). It follows
from Lemma 2.3 that Aut(WΓ) is not word hyperbolic. 
Virtually free Coxeter groups were characterized in terms of graphs by Mihalik and
Tschantz in [21, Thm. 34].
Theorem 5.6. Let WΓ be a Coxeter group. Then the following are equivalent:
(i) The group WΓ is virtually free.
(ii) The graph Γ is chordal and for every complete subgraph Γ′ ⊆ Γ the parabolic
subgroup WΓ′ is finite.
76. Proof of Theorem D
We almost proved the results of Theorem D. Let us recall the arguments.
Proof. The first statement of Theorem B was proven in Proposition 5.5.
The second statement of Theorem B follows from Proposition 3.6(i). More precisely, let
Γ1, . . . ,Γn be the connected components of Γ. Then WΓ is a free product of the parabolic
subgroups WΓi and we consider WΓ as a graph product where the graph has n vertices,
no edges and the vertex groups are WΓi . If n ≥ 3, then Aut(WΓ) is not word hyperbolic
by Proposition 5.5(i).
The third statement of Theorem B follows from Proposition 3.6(ii). The graph Γ has
by assumption two connected components Γ1 and Γ2. We have WΓ = WΓ1 ∗WΓ2 . The
parabolic subgroupsWΓ1 ,WΓ2 have by Lemma 5.3 finite center. It follows from Proposition
5.5(ii) that Aut(WΓ) is word hyperbolic iff the parabolic subgroupsWΓ1 andWΓ2 are finite.
Using the fact that Coxeter groups always have finite center and Corollary 2.5 we obtain
the result of Theorem B(iv). 
7. Hyperbolic groups with fixed point property FR
Let us start with the following definition.
Definition 7.1. Let X be a class of metric spaces. A group G is said to have property
FX if any action of G by isometries on any member of X has a fixed point.
In this section we concentrate on actions on metric trees. We denote by R the class of
metric trees and by A the class of simplicial trees. The study of groups acting on simplicial
trees was initiated by Serre [25]. A slight generalization of Serre’s fixed point property
FA is the fixed point property FR.
One main technique to prove property FR for groups is the following result.
Proposition 7.2. Let G be a group and S be a finite generating set of G. If each 2-element
subset of S generates a finite subgroup, then G has property FR.
Proof. This follows immediately from [2, Lemma 1] or [27, 2.2.2] and the fact that finite
groups always have property FR, see [26, Main Result 1] or [27, 2.2.3]. 
The next proposition characterized graph products of finite groups and Coxeter groups
with property FR.
Proposition 7.3.
(i) Let GΓ be a graph product of finite groups. Then GΓ has property FR iff Γ is a
complete graph.
(ii) Let WΓ be a Coxeter group. Then WΓ has property FR iff Γ is a complete graph.
Proof. Let GΓ be a graph product of finite groups. If Γ is a complete graph, then GΓ is
a direct product of finite groups and thus finite. By [27, 2.2.3] finite groups always have
property FR. If Γ is not complete, then there exists v,w ∈ V such that {v,w} /∈ E. Thus
GΓ = G〈V −{v}〉 ∗G〈lk(v)〉 G〈st(v)〉 and by [25, 6.1 Thm. 15] follows that GΓ does not have
property FR.
Let WΓ be a Coxeter group. If Γ is a complete graph, then by Proposition 7.2 follows
that WΓ has property FR. If Γ is not complete, then there exists v,w ∈ V such that
{v,w} /∈ E. Thus WΓ = W〈V−{v}〉 ∗W〈lk(v)〉 W〈st(v)〉 (see [21, Lemma 25]) and by [25, 6.1
Thm. 15] follows that WΓ does not have property FR. 
The following connection between the finiteness of the outer automorphism group of a
hyperbolic group and property FR was proven in [23].
Theorem 7.4. Let G be a word hyperbolic group. If G has property FR, then Out(G) is
finite.
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Regarding word hyperbolicity of automorphism groups of Coxeter groups we obtain the
following result.
Corollary 7.5. Let WΓ be a word hyperbolic Coxeter group. If Γ is a complete graph,
then Aut(WΓ) is word hyperbolic.
Proof. Let Γ be a complete graph and WΓ be a word hyperbolic Coxeter group. By
Proposition 7.3(ii) the group WΓ has property FR. Using Theorem 7.4 we obtain the
finiteness of Out(WΓ). The word hyperbolicity of Aut(WΓ) follows from Theorem B(iv).

We want to remark that it was proven in [14, 1.1] that the outer automorphism group
of an arbitrary Coxeter group WΓ where Γ is a complete graph is always finite.
8. Proof of Proposition B
Proof. We suppose first that Aut(GΓ) is virtually free. The group Inn(GΓ) ∼= GΓ/Z(GΓ)
is finitely generated and is by Lemma 2.8 virtually free. Using the finiteness of Z(GΓ)
and Lemma 2.9 we obtain virtual freeness of GΓ. It follows from Theorem 3.8 that Γ is
chordal. Assume now that Γ contains a SIL. Then by Lemma 3.5 the group Aut(GΓ) has
a subgroup isomorphic to Z× Z. Thus Aut(GΓ) is not word hyperbolic and by Corollary
2.7 the group Aut(GΓ) is not virtually free. This completes one direction of the proof.
We suppose now that Γ is chordal and does not contain a SIL. By Theorem 3.8 the
group GΓ is virtually free and by Proposition 3.9 the group Out(GΓ) is finite. Now we
apply the result of Proposition 2.10 and this shows that Aut(GΓ) is virtually free. 
The structure of the proof of Proposition E is the same as above.
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